2021 FRIMFLLRSERE

COMPLEX2-E#%

contact@complex2math.com

August, 2021

There is more than one way to skin a cat.


contact@complex2math.com

2021 R E TS ERE www . complex2math.com, Last updated at 2021-12-25

Contents

0. Praface 1
1. Problem 1 2
2. Problem 2 2
3. Problem 3 2
4. Problem 4 2
5. Problem 5 4
6. Problem 6 5
7. Problem 7 5
8. Problem 8 6
9. Problem 9 7

10. Problem 10 7


www.complex2math.com

2021 R E TS ERE www . complex2math.com, Last updated at 2021-12-25

Preface
HEA 10 EBH: 81 -3 588 70 M 4 - 6 T 10 70 @ 7 - 10 T 12 7.

Please check https://complex2math.com/blog/macmo-2021-release/ for any update.
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Solution. FEIPEZLTI
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Remark. FEAKRELTE.

Problem 2. it P(z) = a” +az +b, £ a,b € [-2,2]. 2 o,b MK [-2,2] EAZI, KW
P(z) = 0 BISERARAER (B .

Solution. A = a? —4b < 12. GHIEEN

-2 - V12 <—ai\/E< 2412
2 = 2 = 2

Problem 3. 1E zy “FHE L, 12 f(a,b) N& (a,b) FIELL 0: 30 +4y = 1 WEEE. 3 o, b EBITAEHHE
(a,b) NMEELZ ¢, BE f(a,b) HE/IME.

Solution. [MZREIELHIFEE AN

3a+4b—1
BHMNERN a,beZ H 3a+4b—1#0, IEEE| 3a +4b— 1 € Z, FiA

1
dmin =\ e

Problem 4. ¥i0KN n MEDL=ABNELRIOED n 0, RIEHFATIX 20 EREBDERIX S E I
HFH—EmBKN 1 NFEL=ATEMARNEE S, &EE S, £6 N, MK 1 £ n BFDL=HAF.
THE%AHY n=1,2,3 WEK, Ny =1,N, =5. IREHA n 1 N, BIAR.
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n=1 n=2 n=3

Solution. BAHEFEL =ML AP —FLF L, —KKTT, Pln =2 A0, & 4 Pk LRI =F
%, 1 MR =AE. K ai(n) 8 S, FEEKH @ B93L8 EREL =AM BRI ML=
AR E R — KT RRA, DARCKEEAAZGHE—UE, T A

ain)=mn—i+1)+n—-1—-i+1)+---+1. (3)

PAn =3 Nl &IKE (ICHAE 0 B) KEN 3, 18k 3 —i + 1 DKW « BFKF EREDL=AF, £—
B (N 1 R) KEDN 2, 18k 2 — i + 1 DK « B EREE L =/, BI11E

a(n)=14+24+---+(n—-1)+n
as(n)=1+2+---+(n—-1)

an(n) = 1.
o SRAERI
Zai(n):Zi~(n+1—i):(n+1)~2i—2i2
B nn+1) nn+1)(2n+1)
=(n+1)- 5~ 5
_n(n+1)(n+2)
==

& b;(n) N S, FIEKN i S NEL =AML NTE B, ERNKEN n— j, EANATRETTHR
WK > j BTN EIL=ATE. K0T eq. (3) FATATLIEE
biln)=mn—-i—i+1)+---+1, (4)
B n—i—i+1 H% i Eowek. JTE
biln) =142+ 4+n-3)+(n—-2)+(n—1)
bo(n) =1+24---4+(n—3)

bi(n) =1+2+---4+(n—-2i+1).
AT EAS

> bi(n) =

- n(n+2)(2n—1)

24 ’

{<n+1><n241><2n+3>, if n is odd;

if n is even.
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IXEPLn =2k — 1 N, L

bin)=14+24+---+(n-3)+(n—2)+ (n—1),

bk,g(n):1+2+3+4+5+67
br—1(n) =14+2+3+4,

bu(n) =14 2.
AT B
D bi(n) = (k—i)(=1+4i) = k(k -1k +1)

6

4 =1

~

We finally conclude that

Nn = n(n+2)(2n+1)

{(”H)(QT;;H”I), if n is odd;
8 b

if n is even.

Problem 5. (i) ¥ z,y,z NIEEL, KIE 2°vyy—72277 > 1.
(i) & a,b,c NIEEL, KIE a* +b* + ¢* > abe + ab®c + abc?.

Solution. (i) ANYIH x = min{z,y, 2}, y =2 +a,2 =z + b, HH a,b > 0. RBEEH

—a ab sy (x+a\" [z+Db b_ z4+a\" " (2 +b\°
oo () G () () o
AHEH, T a>b IR a < b, eq. (6) HBRIL.
(ii) AFHEB 5 BLREZ TR Y R -

a* +a* + b + ¢* > 4a’be. (7)

Remark. (i) fARZEAINHE, Fl1—E 24575 2 E 22 RIRAE 2 MHRAY. XN TXFRAIARZE, Fefl]
A LEEAGHEF — DT « > y > 2 N THREIIAER, BOTHEAR RIGHAPENE &2 R/IMES R
KA.

(i) FE _LiXgt 2K Muirhead’s inequality. A BEIRIENHZ B, B84 & EMEERA AM-GM A~
LEXURIEHX N RHRIEE ((4,0,0) fLF (2,1,1)) B Muirhead’s inequality, i A2 iEIRE#H —A1E
As (4,0,0) majorizes (2,1, 1), the result then follows by Muirhead’s inequality FV7k. 732 Muirhead’s
Inequality FYZRFEMFRAZER, —DNE WHHEIREMZ: H Muirhead’s Inequality Hl a® 4+ b® + ¢ >
a’b + b%c + ca.

LYRIIZHAE Muirhead’s Inequality 2H AM-GM ARZEFHEH KA, 50E 1 Muirhead’s Inequality L5 ERLE AM-GM R
LEXAHET
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Problem 6. &N fz) = 92+3 HE f(2021> + f(2021> et f(%)
Solution. IFEE

32(1 32—2a 32a 3
f(a)+f( a) 32a+3+32—2a+3 32a+3+3+32a ()

KHER a € (0,1) BOL. HUEZEN
Problem 7. 12 [z] J/NFEST o HIBAREL 1 [x] = 3. EXEH a1, a0, QI

NI 1 n n n
Hnzia= o ([5]+[5] o+ [7])
(a) RIE: THETHZMER 1> 118 4y > an:
(b) BEEIFIET: BEFERFEMER n > 1 3 0y < an.

Solution. (b) 1% a, = 5,. EEFIFATE
n+1 n n+1 n
sor-sem (] - 0) (4] Bl o
n+1 n n+1 n
(5B (] - )
M1<d<n+1, B[] - [2] =081, }H

[”;1}—{3}:1 — d|n+1.

FFLL Sgr — Sp = d(n+ 1),
=) 9)
=1

Hob g(n+ 1) 27 n 4 1 IETFRNEG WS, W15 1 1 RIEE TN 5 - per, W g(n + 1) =
(e + 1) (er + 1), WEHIFBAMLE S BEGELFSNER n > 1, (8 S < Sa yhich is

n+1 n

equivalent to

p(n+1) Z¢ (10)

TR Hn+l jj%/\%@(ﬁ d(n+1) =2, MAMEREEE i > 2,¢0(i) > 2, HIELAHEEH a,, > 2 whenever
n>6. bl ¥ n=P—1K, Hf P>7 2 E’jﬂﬁ Unt1 <y, MERBBHBETLH ZTHY.
(a) B [z] < =, ﬁﬁu an <224+ 2y =" L= H,, EF H, IRFEIEFIZE.

Lemma 1. * n =2 &MA 1+ 5 < H, A& H,_ <k. #54Y, BARH LK
Proof. &84S

TR (o Y (L Y (L S I
2 34 5678 =

1
2
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TN (D [ D
23 47576 7 =

YRR (=S Y (I SR Iy
2 9 44 4 4 o

Yn=2F 10, BME o(n+1)=k+1>k > H, > a,, which is equivalent to a,;1 > a, (c.f.
eq. (10)).

Problem 8. WEEHfA =M ABC H, AD 2i8 BC LM, H BB AD WiE—, BH f1 CH
FIIE KL AIZE AC f1 AB T E fl F, RIE /EDH = /FDH.

A

Solution. ¥ DF 22 AC T G, WHFE2MLAERE] (C, A; E,G) HRE R

Lemma 2 (EFSFIIMER). % A, B,P,Q RAK ¢ Loy 4 AN E X RAE ( LagfEE—5 MAT
4 ARk, £ F 2 AT RIS 59k 2 A

(i) (A, B; P,Q) #aifA= &7,
(ii) XP & ZAXB 89 A+ 4.
(i) XQ & ZAXB #95bf-FH%.

(iv) XP L XQ.

Proof. IXHEIERT (iv) 1 (i) ATRAMERY (i) A1 (iii). B o = ZAX P, = ZBXP, H (iv) Al

PA _ XAsina QA _ XAsin(90° +a) (11)
PB  XBsinf’ QB XBsin(90° —3)’

6
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Al () &1 54 = S5, BB
sinacos f = cosasin f <= sin(a — ) = 0.
HHN X NMEEZ ¢ b, ITPA o — B < 180°, ATLAHGER o = 8. (i) 1 (iv) H#EH (i) 2 TR/ [ |
The result then follows by lem 2.
Problem 9. HiEELRHWEZINK P(z) EEZIRX (2 + 1)P(z — 1) — (z — 1)P(z) AEEEIN

Solution. BIR P(x) NHEEGHE MR, FTHEHME degP(z) > 1. & P(z) = Y1, air’,Q(z) = (z +
DP(zx —1) — (x — 1)P(z) = P(z — 1) + P(z) — 2(P(z) — P(z — 1)). & P(z — 1)+ P(z) NETHR
BN 2a,, T 2(P(x) — P(x — 1)) WEIAEN na,, FTAREERE n = 2. & P(z) = az? + bx +¢, N
Q(r) = (b—a)x+ (2c+a—b), HILHEH b= a. %5 L, WEBERLREZ T A

P(z) = az® +ax +¢, a,cER. (12)

Problem 10. EHIE AABC,ZA < /B <90°. AT & A, B,C. BT &5 A, C HRETILAT P.
H%Z& AB 5 PC XT Q. #H=/AF ACP, ABC, BQC EMFRIME, KIE ZLBCA = 90°.

P

ac
b

V2e A b=+2a

Solution. BATH [XY Z] TR AXY Z BIEMA. FA1H

/PCA=/PAC = /B,
/CPA=180° — 2/B,

/CQB = 180° — /CPA— /BAP = /B — /A,
/QCB = /A.

(13)

KN [CQB] = [ACB], REAN&EHESE, Fill QB = c. A QC ZEYIZk, Fibh QC? = QB - QA =
QC = 2c. 1 AQCB ~ AQAC BATEAIEH b = 2a. TFEF

%BA - BC -sin /B = [ACB] = [APC] = %CA .CP-sin /B,

this implies that
PA=PC = % =

8-
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S — i, BHEH

Lac b a
/B =2 = —= -
cos P N7

XELIEBH T ZBC A = 90°.
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