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Problem 1. % a,b NIESEE, CHMIIZk y =2 —a 5 2 = ¢?> — b0 KTUNERHA Pz, y:)(i =
1,2,3,4). WHE (21 + 22) (21 + 23) (21 + 24) HIE.

Solution. EFE |1.| ¥ y=12?—a RANF 2* —2a2® —z+a® —b = 0. TEAARSZHARR, (1A

(1 4+ x2)(z1 + 23) (21 + 24) = x%(xl + 29+ x3 + 24) + T122x3 + T1T3T4 + T1XT2T4 + ToT3Ty

=22x0+1=1

Problem 2. {37742 sin® z + cos® z = 1 HYIEME 2.

Solution. B5RE ‘ r=+5+kr, kel ‘ FIF Holder NEAKLRFKTE

(sin®  + cos® 2) (1 + 1)(1 + 1) > (sin® x + cos® z)* = 1.
HFERIL > sin®z=cosbr <= z=+Z +kn, AP ke Z.
Problem 3. I{3K7712 (22 + 2 + 1) = —§ HITELEE «.
[EIRE =IRITRERRIR, A RUER. REBIINMH—T general FI={RJTFERIRMIL, THEAIARIES [2].
Definition 1 (depressed cubic form). Cubics of the form
34 pt+q
are said to be depressed.

Lemma 2. Let F = ax® + ba? + cx + d be an arbitrary cubic form, then we can perform a change of

variable after which F become depressed. Moreover, this change of variable is linear in x.
Proof. x=1t— % works. O

Definition 3 (Discriminant). ¥ f(z) = 2" + ap_12" ' + -+ ag N—PNE—WZIKX. £ CH f(2)
RN —IRE A
f@)=(z=r1)-(z—rn).

Then the discriminant of f(z) is defined to be

disc(f) := H(r, — ;)2

i<j
Lemma 4. The discriminant of depressed cubic form t> + pt + q is —(4p> + 27¢%).
Proof. 1R¥E Vieta’s formulas 71179 + rors + 1371 = p, rirers = —q. BIZIIE

(7“1 — 7"2)2(7"2 — 7‘3)2(T3 — T1)2 = —4(7’17"2 + roTs3 + T3T1)3 — 27(’]"17’27‘3)2.

MREBEAEH, XNFRRITERE LRI A MR 24 HIERT
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Proposition 5. R f(t) =t3+pt+q RFEZKEZAX, FELCH discriminant disc(f) #0 (AL T
WPt REAR), M

(a) disc(f) >0 = f(t) AEATRE B EAR.
(b) disc(f) <0 = f(t) H—NKARAAA LA ZAR.

Proof. {TEEERMIARBSTHIR. 5 ro,rs BHHCIER, W ry — rs BEALEEL vy — 1o, 7 — 13 ;2 AT HEHE
HEE, T2 (ry —r3)? BASEL, (r1 — 12)(r1 — r3) BIESEE (IEZ ri — ro X DNEEHT norm BIFF7).

Fir AR dise(f) < 0. O
Proposition 6 (Vieta’s substitution). The substitution t = y — £ tmnsforms the depressed cubic into
3
3 p
———==0.
U

Multiplying by y3, one gets a quadratic equation in z := 1>

3
p
22 4 qz o7 =0.
Solution. RN 2° + 22 +2+ 1 =0, {Jﬁ)\ x =1t — 3 5% depressed form ¢3 + 2t + 227 =0. AL
Vieta’s subbtltutlon t =y — l (& J y? + 27 729y =0. ®EHL 2z =93, BATE 22 + 272 739 =0,

#1532 = 2 or —55, ﬁ@%@ﬁ

1 1 2
— = g(—1+23 —23).

HE |, M depressed form Y discriminant A AT AKITE HE — LR (c.f. prop 5).
Problem 4. IR HfE EEE o #1F o® — 3a — 19 72 289 HIRFEL
Solution. &% YEREE] 289 = 17 x 17, Bl 16

a*—3a—19=a*—3a—17a — 194+ 17x 7= (a — 10)* (mod 17). (1)
AT a = 10 + 17k, k € Z. RAJRIF 289K2 + 289k + 51 = 0 (mod 289), IXFEH k& BIRNRFFAE.
Problem 5. % z,y € Ry, [Al: A= (z+y)° fl B = 12zy(2® + 3°) WPNEK?

(x+ y)4 > 1233y( + y — xy) L a=x+ y,b =y, ﬁ'ﬂ];.\%'ﬁ%lﬁaﬂ

a* — 12ba? + 36b% > 0.

XH AM-GM ARZR TR,

Problem 6. T y1,y2,ys WHTHE o3 +py+q = 0 WHFEHME. & o =% = /3 gy
uw=1y1 +ays +a’ys K v =y +?ys + ays. RH p, ¢ KRR o, u® + 03
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Solution. BEE ‘ w = —3p,u+v=—27q. ‘ FIF ZIREEAARIER: o =1 f o®> +a+1=0, BATE

u+v=2y1 — Y2 — Y3
w =y + Y5 + Y5 — Y1y2 — Y13 — Y2y
u? 0% =2y +y3 +43) =3 yive + 12p1120s.

sym

FRHRS REEIRA:

y1+y2+y3s =0, yiye +y1ys +Yys =D, Yiy2y3s = —q,

HIES
w = (y1 +y2 +y3)> = 3(Y1y2 + y1ys + y2y3) = —3p.
Es<(NEE]
u® 0% =2(y1 +yo +y3)° - 921/%1/2 = —9nyy2.
m S
H—TJiH, BA1E

0= (y1 + 2 + ys) (Wry2 + Yays + ysy1) = Y Uiya +3p1tys —> —9 Y yiys = —27q.

sym sym

Problem 7. 1% I NEE = ABC WAL H AB = AC. # BC = AC + AI, i3k AABC BI=1H
FAFELA HIERA.

Solution. ‘ERIE | LB =45°, LC = 45°, LA = 90°.
R R EBATE

AP B = (—-1,0),C = (1,0), A = (0,a), TEEH

241
2: 02+1+GX#—;+1<:>(a71)(a+1+\/a2+1):0.

HEER a = 1.

Problem 8. [& 0O WELHN O, % A, B 5 00 AMUKIH . EIER 00 B M 1§ MA%2 4+ MB?
FIRF/IME. 2

Solution. FEHT{HG MA? + MB? = o W M MHUTZMT 4. BUERE AB I RN E AL A&
A=(-1,0),B=(1,0),M = (z,y) BATE

a=MA*+ MB?=(z — 1>+ ¢y° + (z + 1) + y* = 22° + 29* + 2.

“HEH, ZENPULEE— LA AB FRRED, RN r BE w,.. 7 ro 15 w,, BES5E o0 H
V), s M XA, BATEIE R USSR & AB BN N.
« MME N=0,01 M ZE O FEE—HA.
o« R N #£0, FEZL NO 58 00 ZFHm My, My, A5 N BEEESEH— st B A TE TR
A M.
2EHESMIE A, B EMERIRIING, Bl 0O Mk M 8 M fEE L.
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ah
N

B R RBIHLLEFEE AT (X 2E A, B EMM), WA RTRERZSIMIT (tLN A, B fEFIM).

Problem 9. On a 5 x5 board, A and B take turns in marking squares. A starts first. A always marks an
X in an empty square, and then B always marks O in another empty square. No square can be marked
twice. A wins if A can make one full row, column or diagonal consisting of only X’s. Can B prevent A

from winning? Give a proof.

Solution. %52 [B REMLIE A WAL B T2 FEREE), MFERE—1T, 57, si—50 sk b, 77

5 19 |11] 9

1 4
12 | 2 4 112
7| 2 3

10 | 11 | 10

Table 1: B AR KT SR1E

TE DN AFBI TR, TSRO RRES. 2 A GRS j BI5H8 EARIE X I, B /eSS —
MNEFEFRIC § BI774& EFRIC O, 1XAE, B (EATRHLE A FERI.

Problem 10. IZ7E& G EP%E‘LMEI’JF“I%//";E'E § >0, KiE: FHE—KBREEKEZRDH 6+ 1.
T BAIASE XHE, TR, ENERE

Solution. RIZEEHFREREREIZN v = vy = - = v,,. HTIXS RENEET, IAES
N={veG:v5 v, HE} LIz {1)1,1)2,"‘ ,Um_1} FFE, .JH: m—1 2 IN| > 4.

Remark. Optimal assumption, —FFURRBUERMANEE:, RE TR ILINERES BA EARER.

STEAFSCRRIAF, A BAFSAR (ERE AT PSS g t) HPUESIED X, XERREIFHEIR.
ARV B AR EIRIRIE, TN, FERBRRIE . A RIRN BB A (R T, XA AE R T
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Problem 11. BEFIEEBET (ay)n>1 EEAEBEERER n LFWNAERX (1) & (i) BEALZ? I
25 HAUERH.

n n

i) Y ai<n® () > l < 2018.

i=1 i— Y
Solution. &% Bl SR
Lemma 7 (Cauchy WSUREE). AERS K6 N, £33 n > N 44
1 1
+ P + -

an+1 A2n

Proof. {RIZEEICAE, MIFKATAIIREI 1 =ny < 2np <ng < 2o <ng < --- HENMEE ke NH

<1
1

1 1 1
Sp= Lt yop sl
Anp+1 A2n,, 4
XA HY
1 1
2018 > — 4+ --- 4+ > S1+ -+ Sgorz > - x 8073 > 2018,
a1 Angors 4
524 i) PJE. [ |

EEFE#, XA Cauchy NERFKANTH

1 1 1 )
,(a1+...+a2n)>(an+1+...+a2n) + .o+ > n”.
4 An+1 A2n

x5 2321 a; < 4n? FE.

Remark. A#JiH Balkan Mathematical Olympiad 2008 Problem 2 (c.f. [1]), FRE &M, B HEEF
INTHIBRIE. 5L b, IRIRE B AR A, S50 (i) BB, 58— I RImERE SR s Rk 6 A
Cauchy BSFIHE 1~ + -+ -, m > n % bound (£, F NAVHEHE/KEIRAL.

An 41

Problem 12. {5 H—MNAAIEREL n, (HEESEFFZR/D, H 2556 | n® — 1.

Solution. BATE 2556 = 22-32.71. BHRIE4 | n® -1 < n =1 (mod 4), FIF LTE 5B TE
v3(n® — 1) =v3(n — 1) + 1, v71(n® — 1) = vy (n — 1), IXHEH,

n=1 (mod 4)
n=1 (mod 3)
n=1 (mod 71)

% n = ag + 10a; + 100as + 1000as + 10000a4, as > 1. FRA_ERIFE]

ap+2a; —1=0 (mod 4) (2)
ap+ay+az+az+as—1=0 (mod 3) (3)
aop + 10a1 + 29as + 6az + 60as —1 =0 (mod 71). (4)

H eq. (3) %1 n BEFRIZE/DN 4.
Claim. n FJEFRIATTREN 4.
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Proof. WIS n WEFRIN 4, BATHEW T =FEE:
Case 1: a4 = 3, HIRYE eq. (2) FIHEER ao = 1, 1N eq. (4) ERIELZIIXAFTFEEK.

Case 2: a4 = 2, IHINRIE eq. (2) FIREER ao = 1,01 = 0, BB RIUETLIL az, a3 WWNET 1 HAFEE

Case 3: a4 = 1, HLINRTE eq. (2) HIE A ag = 1,01 = 0; B4 ap = 1,a; = 2. JFERA eq. (4) ERIUE
5 80=1 (mod 71) BARFEERK. FIEFWIELIL (a2, a3) = (2,0),(1,1),(0,2) FAFFEERK.

T2 n WEFRED R 7, IR n =[21301 ], ABBIFXD n B A BHEZK.
Problem 13. RKFTERILREZ A P(x), #15 (z + 1)P(x — 1) — (v — 1)P(z) TENHEEL

Solution. % z = 1 FRENEXNEECH 2P(0), A P(0) = 0 (BNFATATLAH P(z) — P(0) {ENHTH
P(x)). W 0 & P BR, P(z) = 2Q(x), RAJRAS

(z = D((z+DQx —1) —2Q(x)) =0,

this implies that
(z4+1)Q(z—1) =2zQ(x) forall z # 1.
EEAXFL 2=0/1F Q(-1)=0, B (z+1) & Q WHEX. & Q(z) = (z + 1)R(z), TllTH

(x+1)-2-Rlx—1)=z(x+1)R(zx) forall z#1.

XHEH R(1) = R(2) = R(3) = ---, \NMTREER R(z) = a N—HE, T& P(z) = alz+ 1)z + b, Er
a,beRTE.
Problem 14. B4 ay, a0, -+ ,a, NIEIE, BHE a1 +ax + -+ a, = 1. KA FKFHH/IME:
ai a3 + ai—l a%
a? +asaz a3+ azay a?_|+ana; a2 +ajaz’

Solution. BFIERN S, & ar = ay = -+ = a, = 1 5] § = 1, FEMATEN S > | L. | ABERIA
AM-GM &R,

- - A3 Aj4-1 G542 " az+1a2+2 - Qit1 + Aiga 1

S = a; — %12 ) g AR
= af + az+1az+2 ; ( a? + ai+lai+2) ; ; 4 2

Problem 15. FIEH 7 ZHAEM 13 244k, E=TMH N2 BEARVESFXRLERR—IR. UEE:
FHERZLBEESWELTE, KNG BEER—DANSXMALEFLTRR.

Solution. ZE—""#E G x B. EH G ={g1, -+ , 913}, B = {b1, -+ ,br} WAMREKLEMBLE. MR
%ijf: by HUE g; B8 K AE— XA, AT —FBERN k BIERE b, 9, HT—HF 13x7 4%

—HEUF 3 Mg, REE R, FE-MIERLNES B, @15 (B > [127] = 31. BIfEFK
m?ﬁﬁﬁﬁﬂf‘ﬁ@ﬁﬁﬂ NERES F NTED. [EHEY TZRATERETE b, b, gu, g TEFX Y SRR
SELTHE. I o N degg;, BATHE X = Zl L@ > 31.

7
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FR=TTAH (p,q,r) BT by, by 195 g, M, WRECAE, WEE p,q Z2E—D r e LIRFKMSE T

ERNMFRIAE AL R s 13 13
7 Z 1

13 13 2 2
13 a7 > (Zm) =Xx2 = ) 22> TR
=1 =1 3

HAA Cauchy 7~

KA eq. (5) #1§
X2 - 13X <546 = X < 31.

TE.
Problem 16. TE%ifi =¥ AABC(AC # BC) #, B4l AE | BC TR E,BF L AC TR F. it
E,FWET BS54 ABVITR D. % [ADE] = [BDF), Kiit: ZEDF = Z/ACB.

Solution. ¥ H N NABC WJEL. & M N AB WAL & N 8 CH WAL 1% O & AABC HIAMD,
O Z T WEL.

C

A M D B

AV 5&F [ADE] = [BDF] 5k T BN 4B E:
%AD -AEcos B=[ADE] = [BDF] = %BF - BD cos A.
FIFl BF = ABsin A, AE = ABsin B 7] DIfEH
DA sin(m — 2A4) 6
DB~ sin(r — 2B)’ ()

H—75H, M5 NAOB, BA1E
DA __sin LAOD

DB~ sin/BOD’ Q
FE# LAOD + /BOD = 2/C = (1 — 2/A) + (1 — 2/B), &% eq. (6) and eq. (7) {EfE LAOD =
m—2A,/BOD =71 —2B = /MOD = /B — /A.

8 Newton EHE M, N, EF B R = A3k HILA M, 0, N =32k (recall that N is the circum-
center of C, F, H, F). Tt is well-known that OMNC' is a parallelogram, hence Z/OMO' = ZOMN =
ZOCN = /B — LA = ZMOD. XEWE OMDO’ 2— 1Y — OD=0M=CN = O'ZN
%F EF 1 reflection. #{ 2/ACB = /ENF = /EO'F = 2/EDF.
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